Introduction
Let be an algebraic unit for which the rank of the group of units U of the order Z[ ] is equal to 1. According to [Nag] , [Lou06] , [Lou08] , [PL] and [Lou10] , is a fundamental unit of Z[ ], except for some explicit infinite families for which is a square in Z[ ] and a short list of sporadic exceptions (as in Theorem 1 below). Now, by [BHMMS] , if is a totally real cubic algebraic unit, then U is of rank 2 and there exists a unit η ∈ Z[ ] such that { , η} is a system of fundamental units of the group U of the units of the cubic order Z[ ], here again, except for an infinite family for which is a square in Z[ ] and one sporadic exception. In the present paper, we give a much shorter proof of this result (see Theorem 1). Not only is our proof shorter and self-contained (not based on [Tho] as that of [BHMMS] ), but it enables us to obtain new results (Theorem 2).
From now on, let be a totally real algebraic cubic unit. Let Π (X) = X 3 − aX 2 + bX ± 1 ∈ Z[X] be its Q-irreducible cubic minimal polynomial. Let
2 > 0 be the discriminant of , i.e. the discriminant of Π (X). We may assume that | | ≥ | | ≥ | | > 0, where , and are the three conjugates of , i.e. the three real roots of Π (X). By changing into 1/ , we may assume that
Finally, by changing into − , we may and will assume that
Hence, we can and will write
We say that is of type (+) if and are both positive, of type (−) if and are both negative and of type (±) if and are of opposite sign. Lemma 4. Let > 1 be a totally real cubic algebraic unit satisfying (1). If ≤ 4, then we are in one of the following six cases: 
Theorem 1. Let be a totally real algebraic cubic unit satisfying
3 − 27 is a square if and only if B = 3 and = (
3 − 27 > 0, i.e. b = −B with B ≥ 3, and Π (X) = X 3 − 2BX 2 + B 2 X − 1; in that case, (1) is not satisfied (for Π (1) = B 2 − 2B > 0). For the last assertion, it is known that (x, y) = (3, ±9) are the only integral points on the elliptic curve y 2 = 4x 3 − 27. 
Hence, a or b is odd and , or = ±1/( ) would be a square in U ; hence would be a square in U . The desired result follows from Lemma 5.
First case: is of type (±)
. We assume that and are of opposite sign.
Lemma 7. Assume that > 1 > | | ≥ | | > 0 and that and are of opposite sign. Then,
(3) 4( − 1) 2 ≤ d ≤ 4( + 1) 2 2 .
Moreover, there exists a unit η ∈ Z[ ] such that { , η} is a system of fundamental units of the group U of the units of the cubic order Z[ ].
Proof. To begin with, we cannot extract proper roots of ± in Z[ ]: if = ±η n for some unit η ∈ Z[ ], then n ∈ {±1}. Indeed, we may assume that n ≥ 1 and that = η n . Hence, η is also of type (±) and n is odd. Since = η n and η ∈ Z[ ], then
which leads to the following contradiction (use η > 2): (η 3 − 1) 2 η ≤ (η + 1) 2 . Now that we know that we cannot extract proper roots of in Z[ ], let us prove that there exists a unit η ∈ Z[ ] such that { , η} is a system of fundamental units of U . Indeed, let {η 1 , η 2 } be a system of fundamental units of U . We may assume that
Hence, { , η} is a system of fundamental units of U .
Second case: is of type (−)
. We assume that and are both negative, 
Moreover, there exists a unit η ∈ Z[ ] such that { , η} is a system of fundamental units of the group U of the units of the cubic order Z[ ].
Proof. Write = −t/ √ and = −1/(t √ ) for some t > 1. Then,
Now, assume that t − 1/t < 1/ √ . Then, t + 1/t = (t − 1/t) 2 + 4 < 4 + 1/ and
2 ≥ 1/9. As in the first case, if 1 < = η n for some unit 1 < η ∈ Z[ ], and some n ≥ 1, then n is odd and η is of type (−). It follows from (4) and (5) that n ≥ 3 yields
and leads to the following contradiction (use η ≥ 4): η 2 ≤ 3(η + 1).
Third case: is of type (+)
. We assume that and are both positive, i.e. that is totally positive and that Proof. Write = t/ √ and = 1/(t √ ) for some t > 1. We have
and as in the second case,
and d is asymptotic to 4 3/2 . As in the first case, if 1 < = η n for some unit 1 < η ∈ Z[ ] of type (+) and some n ≥ 2, then (6) yields
which leads to the following contradiction (use η ≥ 2): (η − η −1 ) 2 ≤ (η − 1)η. In the same way, if 1 < = η n for some unit 1 < η ∈ Z[ ] of type (−) and some n ≥ 2, then n is even, and (4), (5) and n ≥ 4 yield
which leads to the following contradiction (use η > 3): η 3 ≤ 3(η + 1). Hence, we must have = η 2 and Π (X) = X 3 − 6X 2 + 5X − 1, by Lemma 5. Finally, if 1 < = η n for some unit 1 < η ∈ Z[ ] of type (±) and some n ≥ 1, then n ≥ 2 is even. Moreover, (3) and n ≥ 4 yield
and the following contradiction (use η ≥ 2): (η 2 − η −2 ) 2 ≤ 2(η + 1)η. Hence, we must have = η 2 and Π (X) = X 3 − 6X 2 + 5X − 1, by Lemma 5.
Proof of Theorem 2
From now on, we assume that the cubic extension Q( )/Q is normal, i.e. that d is a square. Let σ be a generator of its Galois group. We may assume that = σ( ) and 
